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1. INTRODUCTION 
In the following we study aperiodic wave processes, generated by 
periodic forces, in infinite tubes. Consider the n-dimensional cylinder 
Q = Sz’ x ( - co, co), where Q’ is a bounded (n - 1 )-dimensional domain 
with smooth boundary XT. Sections 24 of this paper are devoted to the 
initial and boundary value problem 
(af-A)u=fe-i’~~’ in Q x (0, a), (1.1) 
u=o on an, (1.2) 
44 0) = u,(x), a,t+, 0) = U,(X) for xE52, (1.3) 
with prescribed data f, u0 and u1 belonging to C;(Q). We are mainly 
interested in the asymptotic behavior of the solution u(x, t) as t -+ co. Our 
results are of the following type: If w2 does not coincide with one of the 
eigenvalues A,, A*,... of the Dirichlet problem 
(a:+ ... +a:p,)v+w=o in Q’, 
v=o on a521 (1.4) 
for the cross section Q’, then there exists a solution U of the boundary 
value problem 
AU+w=U= -f in 52, 
u=o on asz (1.5) 
such that 
u(x, t)=U(x)e-‘“‘+0(l) as t-+cc (1.6) 
uniformly in every bounded subset of 0 (“principle of limiting amplitude”). 
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U can be uniquely characterized by a radiation condition, introduced by 
A. G. Sveshnikov [ 111. However, if o2 = A,,, then the principle of limiting 
amplitude is violated and the following resonance phenomenon can be 
observed: The estimate 
+fYaorU(X)+O(l) as t-co (1.7) 
holds uniformly in every bounded subset of Q, where V,,, (k = l,..., m,) 
denotes an orthonormal basis of the eigenspace, belonging to the eigen- 
value /1,, of (1.4), and U is a solution of the boundary value problem (1.5). 
The occurrence of resonances is a familiar phenomenon in the theory of 
initial and boundary value problems for the wave equation in bounded 
domains Q. It is easy to show that a resonance of order t occurs if o* is an 
eigenvalue of the Laplacian -.4 in Q with respect to the corresponding 
boundary condition (compare [ 16, Sect. 51). This remark applies also to 
some classes of unbounded domains, considered by F. Rellich [9] and 
D. S. Jones [3], for which the Laplacian has square-integrable igen- 
functions. The main attention in the case of unbounded domains has been 
directed to the study of configurations for which the principle of limiting 
amplitude holds for all positive frequencies. In particular, the principle of 
limiting amplitude has been verified for arbitrary exterior domains by 
D. M. Eidus [ 11 and C. Morawetz [S] and for few classes of domains with 
infinite boundaries (see Eidus [ 11, A. G. Ramm [7], and the review paper 
by Eidus [2]). It has been observed only recently that some unbounded 
domains 52 may be capable of resonances which are not related to eigen- 
values of the Laplacian -A in L,(Q). As far as I know, the first example of 
a resonance of this type in the case of the wave equation has been discussed 
in [16], where the propagation of acoustic and electromagnetic waves in 
the three-dimensional domain Q = a82 x (0, 1) between two parallel planes 
was studied. At the frequencies o = rrn, which correspond to the eigen- 
values E.,, = x2n2 of the cross section (0, I), resonances of order In t occur, 
as an elementary discussion, based on the reflection principle and 
Kirchhoffs retarded potentials, shows. The investigation in [ 161 was 
extended to the (k + 1 )-dimensional domain Q = [Wk x (0, 1) in [S] under 
the additional assumption that the initial data are zero, by using Laplace 
transform methods. In the two-dimensional case (k = l), a resonance of 
order J- t was observed, in agreement with (1.7). In the case k 3 3 it was 
shown that the principle of limiting amplitude holds for all frequencies. In 
particular, the occurrence of resonances seems to be a low-dimensional 
phenomenon, which is restricted to the cases k = 1 and k = 2 in the 
framework considered in [8]. 
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The analysis of this paper is based on the spectral theory for unbounded 
operators. In Section 2 we extend the differential operator -A in 
Q = R’ x (- co, co) to a self-adjoint operator A in the Hilbert space L,(Q), 
taking into account Dirichlet’s boundary condition (1.2) and calculate the 
resolvent R,= (A -z)-’ and the spectral family P, of A. The solution of 
the initial and boundary value problem ( 1.1 )-( 1.3) is obtained by applying 
the functional calculus for unbounded self-adjoint operators. The resulting 
spectral integrals are estimated as t + co in Sections 3 and 4. The leading 
term of the asymptotic expansion (1.7) is derived in Section 3, while the 
periodic term U(x) e ““‘, appearing in (1.6) and (1.7) is specified in Sec- 
tion 4. The spectral-theoretical discussion relates the resonance frequencies 
to algebraic singularities of the analytical continuation of the resolvent and 
of the derivative (d/d,l) P, f of the spectral family at the eigenvalues A, of 
the boundary value problem (1.4). It is well known that the spectrum of A 
is continuous and consists of the interval [In,, x ) (compare [ 31). 
In Section 5 the boundary condition (1.2) is replaced by the Neumann 
condition (J/&z)u = 0 on dQ. In this case the analytical continuation of the 
resolvent has an algebraic singularity at ;1= 0, which leads to an additional 
static term in the asymptotic expansions ( 1.6) and (1.7). In particular, the 
estimate (1.6) has to be replaced by 
U(X, t)= Uix) epi’“‘+ j&q jQ(&f++9+4~) as ~--+Gc (1.81 
(Ilfi’il = area of Q’); (1.8) holds for all frequencies o for which w2 is not an 
eigenvalue of the Neumann problem for the cross section Q’. It follows 
from (1.8) for f=O that the solution of the initial and boundary value 
problem 
(+A)u=O in Q x (0, co), 
(a/an)u = 0 on LX?, 
4x3 0) = u,(x), d,u(x, 0) = u,(x) 
(1.9) 
converges to 0 as t + CC if and only if 
I u1 dy=O. (1.10) R 
In particular, the local decay property, which is one of the essential features 
of the wave propagation in exterior domains (compare [4, 6]), fails to hold 
for the solutions of the wave equation in Q = 9’ x ( - 00, co), subject to the 
Neumann boundary condition. In this connection it may be of interest to 
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mention that local decay holds for the domain [w2 x (0, l), considered in 
[ 161, even in the Neumann case. 
In Section 6 we discuss several initial and boundary value problems for 
the semi-infinite cylinder 52 = 52’ x (0, co), which can be reduced to the 
Dirichlet and the Neumann problem in Q’ x ( - co, co) by reflection 
methods. It turns out that the occurrence of resonances depends critically 
on the type of boundary condition, prescribed at the bottom 
B = {(x’, 0): x’ E 52’) of Q. If Neumann’s condition (a/&)~ = 0 is required 
at B, then resonances of the type (1.7) occur at the eigenvalues of the 
corresponding boundary value problem for the cross section Q’. In the case 
of Dirichlet’s condition and Robin’s condition (a,/& + a)u =0 at B with 
constant a > 0, the principle of limiting amplitude holds for every frequency 
w. This different asymptotic behavior of the solutions in semi-infinite cylin- 
ders seems to be connected with the fact that the “standing waves” 
with frequency o = & are compatible with Neumann’s condition at the 
bottom, but not with the other boundary conditions. 
The methods developed in the following can be applied to the discussion 
of resonance phenomena for electromagnetic waves in cylindrical 
waveguides, as we shall carry out in [ 1 S] 
2. RESOLVENT AND SPECTRAL FAMILY 
Now we turn to the discussion of the initial and boundary value problem 
(1.1 )-( 1.3). In order to apply the functional calculus, we have to extend the 
Laplacian -A to a self-adjoint operator with respect o the Dirichlet boun- 
dary condition (1.2). The desired extension is provided by 
D(A):= { UE f&(Q): AUE L,(Q)}, 
AU:= -AU for UE D(A), 
(2.1) 
where the differential operator A = a: + . . . + 8: is interpreted in the sense 
of distribution theory and B,(Q) denotes the closure of C,“(Q) in the first 
Sobolev space H,(Q) (compare, for example, [12]). Let (Pj.} be the (left 
continuous) spectral family of A. Note that P, = 0 for Ad 0, since A is 
positive. Consider the solution $(A, t) of the initial value problem 
(d~+A)lC/(A, t)=e-lw’ for t>O, 
(2.2) 
$(I*, 0) = a,l+q1*, 0)= 0; 
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$(A, t) is given by 
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1 
- ePkor+~sin &t-cos,l;ir 
a.-o2 
‘NJ”, t) = 
i d 1 
for 1, #w2, 
i 
( 
1 
20 teC”“‘--smut 
> 
for i=02. 
w 
(2.3) 
The functional calculus for unbounded self-adjoint operators implies that 
- 
(/(t)=j([L cos~td(P~uo)+jo~~d(P;.u,) i 
+ s,: ‘HA t)4p; J’) (2.4) 
is an L,(Q)-valued solution of the initial value problem 
U”(t)+AU(t)=,fk-“g” for 130, 
(2.5) 
U(O) = %, U’(0) = u,. 
It follows from the elliptic regularity theory that the family of distributions 
U(t) defines a classical solution U(X, t) of problem (1.1 )-( 1.3) by 
Ut)cp = J, 4~ t) cpb) d-x for every cp E C,X (Q), (2.6) 
provided that the data uO, u,, J and JQ are suffkiently smooth. In par- 
ticular, we have UEC~(QX[O, co)) if uO,u,,f~Cr(Q), XJEC”, 
dku, = dku, = d:f= 0 on 852 for every non-negative integer k and the sup- 
ports of uO, u,, and ,f are bounded (compare the discussion in [ 143, 
regarding the vector Laplacian in three dimensions with respect to electric 
and magnetic boundary conditions). The usual uniqueness argument (see, 
for example, [ 10, Sect. 1791) shows that the solution of problem (l.l)-( 1.3) 
is uniquely determined. 
The discussion of the asymptotic behavior of u(x, t) as t + cc will be 
based on the representation (2.4). The computation of the spectral family 
{I’,.}, appearing in (2.4), can be reduced to the investigation of the 
resolvent Rz = (A - z)) ’ of A, by using Stone’s formula 
ctp,+p, “)L g)-((P,+P,+,)f, g) 
=Llim j” 
71ir10 1 
(R,+i,f‘- &-,,A g) dcJ (2.7) 
for f, g E J&(Q)). In the following we assume that uo, u,, and ,f have the 
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properties stated after formula (2.6). In particular, there exists an a >O 
such that 
u()=u* =f=O for Ix,,1 > a. (2.8) 
In order to compute R, f for z E @ - [0, ccj ), we try to find a solution U, of 
the boundary value problem 
-AU;-zU,=f in Q, 
u;=o on c?LJ 
by setting 
U,(x)= i 2 CJX,,, z) Vi&(X’), 
(2.9) 
(2.10) 
where V,k (k = l,..., mi) denotes as in (1.7) an orthonormal basis of the 
eigenspace E, for the eigenvalue i, of (1.4). We assume that the eigenvalues 
are ordered increasingly: 0 < I, < A, < . . . . Note that Vik E C’ (Q’) by the 
elliptic regularity theory, since 852 E C”. Since (8: + ... + 8: , )V,, = 
-Ai Vik, we obtain, by differentiating (2.10) formally term by term, 
(-A-z)U,= f 2 (-a,2,-=+n,)~,,(.~,,,-7) V,,(Y). 
,=I &=I 
On the other hand, the expansion theorem for the interior boundary value 
problem ( 1.4) implies 
with 
.f(x)= f 2 ,flk(x,,) v,k(x') 
/=I &=I 
fik(x,,) := jQ,fb'> x,,) v,k(y') h'. (2.11 ) 
This suggests to determine the coefficients in (2.10) such that 
(-a;:-z+@,&=,fl&. 
By (2.8) the only bounded solution of this differential equation in 
(-co, co) is given by 
i u 
C,k(‘& z) = - s k,(Z) -0 
&(;)I+ iI f,,(l) &, (2.12) 
where rcj(z) is defined by 
Ki(zy = z - A,, Im K/(Z) > 0 for ZE @ - [A,, o). (2.13 
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Now we use formulas (2.10))(2.13) to define UT. In 
convergence properties of the series (2.10) we set 
order to investigate the 
U!(x) := 1 (.,Jx,,, z) V,,(x’), 
k=l 
.fl(x) := 2 .f,ktx,,) v,k(-u'). 
k-l 
(2.14) 
At first we show that, for any given x > 0 and any multi-index 
p = (p, ,..., p,,), there exists a y > 0 such that 
lPf’(-XII d -?/.i” (2.15) 
for every ,j = 1, 2,... and every x E a. It follows from well-known asymptotic 
estimates for the eigenvalues of elliptic boundary value problems in 
bounded domains that we can find a 7, > 0 such that i., 3 ;,,,j’ “I ” for 
every ,j. Let .F be the smallest integer with 2s 3 ~(n - 1). Then we obtain 
112; < yz/j” (2.16) 
with y2 := ;‘, ‘. Note that 
A”‘/‘= 0 on r7Q for k =O, l,.... (2.17) 
In fact, since A”f‘= 0 on aQ for k = 0, l,... by the assumptions on,f; (2.17) 
follows from the identity 
by induction with respect to k. Consider two non-negative integers I and q. 
Since A’Vlk = -i., V,k, we conclude from (2.11) (2.14) (2.17) and Green’s 
formula that 
A”a;,f”(x) 
= ( - j-,)’ 2 
h-1 
v,,(i) lc,, a;,f( L”, -u,,) v,( I”) dj” 
=(-A,) -’ 2 V,,(x’) 1 dz,f(y’, x,,) A”+‘V,#) &’ 
k-l R' 
= (-j.,) ’ t I/,,(X’) IQ, A” +“d;.f’( I”, X,,) V,k( f) C/J”. 
k=l 
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This, together with (2.16), implies that 
IlA”W% x,,,l’$ llA”+‘a;f(., x ,)I/‘. 
Here and in the following we denote the norms of L,(Q’) and H,(Q’) by 
11 I/’ and /I II;, respectively. Note that the norm on the right-hand side is a 
bounded function of x,,, since ,f= 0 for lx,,/ > a. Thus we can find a y3 > 0 
such that 
ll~“%Y’(.3 x,,)ll’ G 73/j’ (2.18) 
for every j = 1, 2 ,... and every real x,,. 
Now consider the set S, of all distributions W in Q’ with A” WE l?,(Q) 
for Y = 0, l,..., m. We show that S,, c H,,(Q’) and that there exists a 6 > 0 
such that 
II WI1 ;,,z d 6 c IV’WII’ for every WE S,,, (2.19) 
/=lJ 
In order to verify (2.19) we prove for r =O, l,..., m by induction with 
respect to r that A”” ’ WE H,,(.Q) and 
,,I 
11 A”” ‘wll;!.<s, 1 lI~“W’ for every WE S,,, (2.20) 
with a suitable 6, > 0. If Y = 0, then (2.20) is satisfied for 6, = 1. Assume 
that (2.20) holds for r < m. Set V:= A’“’ ’ ’ W. Since VE k?,(Q) and 
A’V= A’” ‘WE HZr(Q’), it follows from the regularity theory for the 
Laplace operator A’ with respect to the Dirichlet condition that 
VEH 2r+2(Q’) and 
l/A”” ’ ’ W/lir+>= II VII;,. + 2 ~~:(lIA’Ui,+ II VII’) 
z.z $( 11 A”” ‘WI;, + l/d”” r ’ Wll’f 
for every WE S,,, with a suitable Si >O. By inserting (2.20) into the last 
estimate, we conclude that (2.20) holds for r + 1 with 6,+, := 
6:.max(b,, 1). For r=m we obtain (2.19). 
Note that axf’(., x,,) E S,, for every m by (2.14) since Vjk E fiTl(Q). Hence 
it follows from (2.18) and (2.19) that we can find, for any given non- 
negative integers m and q, a y4 > 0 such that 
for every ,j = 1, 2,... and every real x,,. Now consider a given multi-index 
p=(p],...,p,,). Set q=p,, and choose m such that 2m>,p, + ... +p,, L + 
(n - 1)/2. Recall that ,f= 0 for I-Y,,I > a. The last estimate implies, by 
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Sobolev’s inequality, that there exists a y>O with the property that (2.15) 
holds for every j = 1,2,... and every x E fi. 
By (2.8) (2.12), and (2.14) we have 
u;(x) - 2 s’ eih-,(=)l.r, rlfl(xf, 4) & 
.=,(z) -(I 
(2.21) 
Note that 
d(z) := inf{Im K,(Z): j= 1, 2,...} > 0 (2.22) 
for every zE@-[CE,,, co), since ImK;(z)+m as j+ m by (2.13). For 
every multi-index p = (p, ,..., p,,), set p’ := (p, ,..., p,, ,) and / $1 := 
p, + . +P,~  , . Assume that p,, = 0 or p,, = 1. Then (2.21) implies that 
lD”Ui(x)l da I+-& e d(z)9p(r’supr JWf’( y)l, 
( > z 
with q(x) := max( Ix,,1 -a, 0), for every x~d and every z~ @ - Cr.,, co). 
Inserting (2.15) we conclude that, for any given CI > 0 and every multi- 
index p = ( p, ,..., p,,) with pn 6 1, there exists a ys > 0 such that 
(2.23) 
for every j = 1, 2 ,..., every x E a, and every z E @ - [E., , nc: ), 
By choosing a > 1, it follows from (2.15) and (2.23) that 
converges uniformly in 0 for every multi-index p and that 
converges uniformly in L? for every p = (p, ,..., p,,) with p,, d 1 and every 
z E @ - [i,, cc). In particular, the series (2.10) converges, and the 
derivatives DpU, with pI1 < 1 can be obtained by termwise differentiation: 
D”U;= f D”U’ for p,! 6 1. 
,=I 
Furthermore, we have by (2.11) and (2.14) 
D”f= i D”f’ 
/= I 
182 P. WERNER 
for every multi-index p. Since 
ap:= -(a:+ ... +a;p,+Z)~;-ff" 
by (2.12)-(2.14) it follows by induction with respect to p,, that 
DpU,= f DpU; 
i= I 
for every multi-index p and that the convergence is uniform in D. In par- 
ticular, U, belongs to P(Q) and is a solution of the boundary value 
problem (2.9). Furthermore, by applying (2.23) with SI > 1, we conclude 
that, for every given p with P,, < 1, there exists a y6 > 0 such that 
(2.24) 
for every x~d with Ix,,1 >a and every IE@ - [j.,, x). Hence DpU, 
belongs to L2(Q) for every multi-index p with p,, d 1. Since the support off 
is bounded, it follows from (2.9) by induction with respect to p,? that all 
derivatives D"U, of U, belong to L*(Q). Since U, E H,(Q) n P(a) and 
U, = 0 on iX?, we can choose a sequence {u: } in C; (L?) such that 
II U, - u:ll, + 0 as k + W. Thus we obtain U:E k,(Q), and hence 
U, E D(A). This, together with (2.9), shows that (A - z)U, =,f for z E C - 
[A,, co). Since R,=(A-2) ’ exists for ,-E 0Z - [0, r;cj), we conclude that 
R=,j‘= U, for ZEC-[O,m) (2.25) 
under the assumptions on .f stated after (2.6). 
In order to apply Stone’s formula (2.7) to the discussion of the spectral 
family {Pi.} of A, we have to investigate the behavior of R; f = Uz as 
Im z +O. Note that the function K,(Z), introduced in (2.13) for 
z E C - [A,, co), admits continuous extensions onto the excluded half-axis 
[A,, cc ) from the upper half-plane @ + := {z E @: Im z > 0 j as well as from 
the lower half-plane d= ~ := {z E C: Im z < 0). The extensions are given by 
K,(C + i0) := pr& K,(cT + ir) = Jzz/, 
(2.26) 
K,(g-iO):= ~~K;(PiT)= -Jo-E, for a>,L,. 
RESONANCE IN WAVEGUIDES 183 
It follows from (2.21) and (2.26) that the limits Vi, + Jx) and U;-,(x) exist 
for (T > A,. If 0 <A,, we have UL+ iO(x) = lJJ,- ,,,(x). The estimates, used 
above for the discussion of the convergence properties of the series (2.10) 
can be extended to z E [;li, co) with few modifications: Let K,+(Z) and rc,: (z) 
be the continuous extensions of K~(z) onto {z: 0 < arg(z - Ai) < 2~) and 
{z : 0 < arg(z - Aj) 6 27r>, respectively, and set 
d,+(z) := inf{Im IC’(Z): r= j, j+ l,... }. (2.27) 
Note that 
d,+(z)>0 if Rez<A,. (2.28) 
The estimate (2.23) remains valid for z = a+ i0 with B < ij if d(z) is 
replaced by A,(z). Hence the series (2.10)-(2.13) and all termwise 
derivatives converge uniformly in fi x K for every compact subset K of 
M+ := {z :Odarg(z-I,)<2n,z#Aj for j= 1,2,...} 
and 
Mp := {z :O<arg(z-1,)62a,z#Aj for j= 1,2,...), 
respectively. In particular, the limits 
ur3*rO(x)=!$ Unfir(X) (2.29) 
exist for real r~ # 1, (j = 1, 2,...) and belong to P(a). Since CJL + ,O = U; _ i. 
for a<A, by (2.13) and (2.21) we have 
ua+io= u,-;o for a<i,. (2.30) 
Furthermore, since d,* (CT) = JF f CT or 0 < A, by (2.27), it follows in 
analogy to (2.24) that we can find a positive number y, depending off and 
p, such that 
for every x E 0 with (x,1 > a, every m = 1,2,..., and every G with (r < A,,,. 
Hence the asymptotic behavior of U, + rO is determined by the first m - 1 
- terms of the series (2.10) if (T < A,. 
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The limits Uo+io and U,-, do not exist for every f if G = A, is an eigen- 
value of the cross section 52’. In fact, since the series 
converges uniformly in every compact subset of M+ u {A,} and 
M- u &), respectively, and since 
i & e ’ ni’4, we have by (2.21) 
rc,(A, f iz) = Jr; e(“‘/* T ni14)= 
u;,,,,(x)=u:,~.(x)+o(l) 
f’b’, 4) d5 + O( 1) as rlo 
and hence, by (2.14) and (2.11), 
u j.,+ir(X) =,+nrid 2 
2JTk=, 
v,Jx’)j S(Y) vjk(f)dy+O(l) as ~10. (2.32) 
R 
In particular, the principle of limiting absorption does not hold for the 
boundary value problem (2.9) if z approaches an eigenvalue A, of Q’. 
In the following we consider a fixed f satisfying the assumptions stated 
after (2.6). The preceding analysis shows: 
(a) R;f = U; for ZE@- [0, co); 
(b) Uo+,r + Un+ro as r 10 uniformly in 0 x K for every compact sub- 
set K of R- {A,, A2 ,... }; 
(c) u;=o(~z-E”j~-“2) as z + lj uniformly in d for z E M+ and 
ZEM ~, respectively. 
It follows from (2.7) and (at(c) that 
((Pp+P,+df, g)-((p,+p,+,)> g) 
(u,+io- u,-,dSdx 
1 
da (2.33) 
for every gEC,“(SZ). In particular, (2.33) implies by (b) and (c) that 
((PD + Pj3+o).L g) -+ ((P, + p,+cJf, g) as Pb (2.34) 
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for f, g E C:(Q). This yields P, + ,, = P, for every real c( by a standard 
argument (see, for example, [ 15, Lemma 4.61). In particular, A has no 
eigenvalues. Furthermore, (2.33) can be simplified to 
for every g E C,“(Q), since P, = 0 for A< 0. The change of the order of 
integration can be justified by (b) and (c). Note that the inner integral 
depends continuously on x. Thus we obtain P;. f E C(o) and 
(Pi/)bl=& j; (u,+;o- u,-,)(x) da. (2.36) 
The integrand vanishes for 0 < A, by (2.30). This yields PL f = 0 for A < IV, 
and hence Pi, =0 for I < A,, since C:(Q) is dense in L,(Q), so that the 
spectrum o(A) of A is contained in [A,, a). 
Let v(a) be the largest integer such that IercO) < 0. Set I-((T) = 0 if g < ;I,. If 
j > T(G), we have G < Aj and hence .!JL + i0 = Ui, + i0 by (2.21) and (2.13). This 
implies by (2.21) and (2.26) that 
(U u+rO- uc-iO)(x) 
r(a) 
= C C”,+iO- ‘$-IO)(~) 
i= I 
for a#Ak (k = 1, 2 ,... ). By using (2.36) we obtain 
(pi/)(x)=& j: [ y j” f’b’, 5) cos(JG Ix, - 51) 
j=l pu 
Jx dt do. (2.37) 
/ 
] 
Since the integrand depends continuously on 0 in every interval (A,, Ak + ,), 
we conclude that 
$ (Pif)tx)=& x’ j” f’(X’, 5) cos(Jlq Ix, - rl) ,=, --u a. dt 
for A # %, (k = 1, 2,...). (2.38) 
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In particular, (2.38) shows that the differentiability of (PAf)(x) with 
respect o I is disturbed at the eigenvalues 1, of Q’. 
Formula (2.38) will serve as the basis of our discussion of the asymptotic 
behavior of u(x, t) as t + cc in the next two sections. We conclude this sec- 
tion with a short proof that o(A) = [A,, co). Assume that o(A) is a proper 
subset of [A,, co). Then there exists an integer m and an interval [a, j] 
with &,,<a<@<&,,+, such that P, is constant in [cr, B]. Set .f(x) := 
Vm,(x’) cp(x,) with cp E C;( --a, a) and cp # 0. By (2.11) and (2.14) we have 
f’ = 0 for j # m and f” =A so that (2.38) reduces to 
The right-hand side depends analytically on L in the half-plane Re A> i,,,. 
Since (d/dA)(P, f)(x) = 0 for 2 E [cc, /3], it follows by analytic continuation 
that (d/dl)(P,f)(x) = 0 for 2 > A,,,. On the other hand, (2.38) implies 
(d/dA)(P,f)(x) = 0 for 2 < 2,. Since (P,.f)(x) is continuous and P, = 0 for 
1< A,, we obtain P, f = 0 for all real 1, in contradiction to I/P, f - fl[ -+ 0 
as ). -+ co. 
3. THE RESONANCE TERM 
Now we investigate the asymptotic behavior of the solution u(x, t) of the 
initial and boundary value problem (1.1 ))( 1.3) under the assumptions on 
the data stated after (2.6). At first we consider the special case u0 = U, = 0. 
Since P, = 0 for 2 < 2,) (2.4) reduces to 
U(X, t)=lx $(A t)d(Pj.f), i , (3.1) 
where $ is given by (2.3). We show that only those subintervals of [A,, co), 
which contain the point L =o*, can contribute to resonances of u. More 
precisely, we prove: 
LEMMA 3.1. Consider a bounded subset M of fi and let m be the smallest 
non-negative integer with 2m b n/2 - 2. Then there exists a y > 0 such that 
ID 
’ $(A t) 4f’i. f) 
31 1 I 
(x) d Y II(Pp - Pm) Wll (3.2) 
(with P a:=Z)foreveryx~Mandeveryinterval [q/l] withA,<cc<fi<nc, 
and co2 +! [cc, /?I. 
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Proof: By the assumptions on f stated after (2.6), we have f c D(Ak) 
and hence 
(3.3) 
for every positive integer k. Since [a, p] does not contain the points 0 and 
02, it follows from (2.3) that All/(& t) is bounded in [cc, fl] uniformly with 
respect to t. Thus 
u(., f) :_Ip $(A, t)d(P2f) (3.4) 1 
belongs to D(Ak) for k = 1,2,... by (3.3) and there exists a y,, > 0 such that 
llAk+lu(‘, f)l12= j” A2k+2 I$tn, t)12 411P,f II*) a 
GYi I ’ L2k 411Pif II’) a 
=IJ; II(P~-P,)~kf/12 
for k = 0, 1, 2 ,... and every t 2 0. In particular, we obtain 
IIA m+‘4.7 t)ll dY0 ll(Pl.l-PJ d”fll 
for every t 20. Now choose numbers ro, r ,,..., r 
r,> ... >r,+, and 
Mc {xE!S: Ix,1 <rm+,} 
and set 
Q, := {xEQ: Ix,1 <rk}. 
Wit 
(3.5) 
1 with ro> 
(3.6) 
(3.7) 
Denote the norm of the Sobolev space H’(Q,) by 11..  Ijj,nk. We prove by 
induction with respect to j: For every j=O, l,..., m + 1 there exists a yj> 0 
such that 
IIA m+ 1piu(‘3 f)l12j.f2, G Yj ll(pS-pu) dmf II (3.8) 
for every t b 0. If j = 0, then (3.8) holds by (3.5). Now assume that (3.8) is 
valid for j < m + 1. It follows by standard estimates of elliptic regularity 
theory that there exists a Sj > 0 such that 
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ll(P” - P”) Ull (by (3.5)), 
so that (3.8) holds for j+ 1 with y, + , := 6,(y, + roA;l- I). This concludes 
the verification of (3.8). In particular, we obtain for j = m + 1 
lIU(~, f)ll 2m+2.R,+,~Ym+l II(~,~-~3L)Kfll. (3.9) 
Since AcQ,+, and 2m + 2 > n/2, it follows from (3.9) by Sobolev’s 
inequality that u(., t) depends continuously on .Y and that there exists a 
y > 0 such that 
I44 t)l dY II(P,r-P,)YfIl (3.10) 
for every x E M and every t > 0. This, together with (3.4), completes the 
proof of Lemma 3.1. 
By Lemma 3.1 we have 
u(x, t) = jcu* + *2 $(A, f) d(Pj,f) + O( 1) as t + Co 
~2 ~ s I 
(3.11) 
uniformly in every bounded subset of fi for every pair of positive numbers 
6,, 6,. Since (d/dA)(P,f)(x) . IS continuous for ;1# A, (k = 1, 2,...) and 
integrable at the singularities Ak by (2.38) (3.11) can be rewritten as 
as t-+ co (3.12) 
(compare the related argument, used in the verification of formula (3.30) in 
C171). 
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At first we assume that o2 is an eigenvalue of the Dirichlet problem (1.4) 
for the cross section 52’ : w2 = 1,. It is convenient to set 
6, :=6(20-J), s* :=6(20+6) (3.13) 
and to choose 6 > 0 such that A,-, < LP - 6, and E., + 6, < i, + , (with 
A0 ” :=0 if p= 1). By (2.38) we have for 02=;IP<A<AP+?j2 
with 
r(x,i)=o(ILw21’~2) as L+02 (3.14) 
uniformly in every bounded subset of a. If E., - 6,~ 3, < LP, then the sum- 
mation index of the first sum runs only from 1 to p - 1 so that the last 
integral has to be cancelled. By inserting the estimate (3.14) into (3.12) and 
observing that $(A, t) = 0( 11” - ApI -‘) as A-+ A,, = w2 uniformly with 
respect to t, we obtain 
u(x, t) =& Z,(t) y s” f’(x’, () cos(&q Ix, - 51) 
,=, -0 J&-T/ dr 
+&Z2(t)su f”(-u’,<)d5+0(1) as t+m (3.15) 
~ ‘1 
uniformly in every bounded subset of a, where 
Z,(t) :=/‘“2+“’ $(A, t) di, 
<A 6, 
Z2(t) := j 
w*+*2 
(,>2 
Since 
(3.16) 
(e&/G-l= 1+-+2)] 
[ 
~ l/2 
- 1 =O(IL-021) as i +w2, 
(3.17) 
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it follows from (2.3) that 
Now we perform the substitution 
5 := (J;i-w)t, (3.18) 
Since ,/m - o = -6 and d- - o = 6 by (3.13), we obtain 
&+0(l) 
Note that 
is bounded for 1x1 <6/w. Thus we have 
and hence 
I,(t)=O(l) as t-+co, 
since the improper integral I:,((sin [)/l) d< exists. 
as t-ccl. 
(3.19) 
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By using (3.17) and applying the substitution (3.18) to the integral Z2(t) 
introduced in (3.16), we obtain as above 
I(.& CO)l 
Z2(t) = eCior jou2+‘2 ’ TAe:02,?,2 dA+O(l) 
=JTe-‘“‘J”“’ 
(1 -e-j5) 1 +i 
( mz~,2d(+O(l) 
O Jz;P(l+&) 
Since 
s 
-$&=2i jox~d(=4ijf e~iq2dq=&(I +i) 
0 
(Fresnel’s integral), we conclude that 
Zz(t)=&(l +i)JTeP”“‘+O(l) as t-+n3. (3.20) 
By inserting (3.19) and (3.20) into (3.15) we obtain 
u(x, t) =- 21&JTepi’u1 j” f”(x’, O&+0(1) as t-cc 
‘I 
and hence, by (2.14) and (2.11) 
+0(l) as t--to0 foro2=AI, (p=l,2,...) (3.21) 
uniformly in every bounded subset of 6. In particular, u(x, t) has a 
resonance of order fi at the frequency o = &, if f is chosen in such a 
way that at least one of the mp integrals in (3.21) does not vanish. 
Now assume that o2 does not coincide with an eigenvalue of (1.4). We 
choose p and 6>0 such that E,,P,<02-6, and ~~+6~<3.,,, where 6, 
and 6, are given by (3.13). By (2.38) we have for w2 - 6, <A < o2 + 6, 
$ lpi f)(x) =I& ‘2’ j” fj(X’, 5) 
cos(&q Ix,- (1) 
Ji7q 4 + 4x, A), ./=I --(1 
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where r(x, A) satisfies the estimate (3.14), and hence 
u(x, t) = & Z,(t) y j” fj(X’, 5) co&/-, Ix, - 51) 
JxT/ 
d[ + O(1) (3.22) 
i=, -0 
as f + co uniformly in every bounded subset of 0. Thus (3.19) implies 
that u(x, t) is bounded as t -+ co in every bounded subset of Q, so that 
resonances occur only at the frequencies w = fi (p = 1, 2,...). 
Finally, note that the argument used in the proof of Lemma 3.1 shows 
that the integrals 
u’(~,t):=/Ucos&td(P,u,) and u2(.,t)=ljTyd(Pj,u,) 
J.1 a. 
(3.23) 
are bounded as t + cc in every bounded subset of fi, as the following 
variant of Lemma 3.1 shows, which is obtained by the same argument as 
above: 
LEMMA 3.2. Consider a bounded subset M of fi and let m be the smallest 
integer with 2m 3 n/2. Assume that !G? and f satisfy the assumptions tated 
after (2.6). Then there exists a y > 0 such that 
ID ’ cp(4 4&f 1 (4 6~ Wp- p,) d”f II supr Id-4 (3.24) ol I I ?SY</? 
for every x E M, every interval [a, ,R] with - co < CI < b < co, and every 
bounded cp E C[a, fl]. 
In particular, it follows from Lemma 3.2 that the estimates (3.21) and 
(3.22) hold also for non-zero initial data u0 and u, . 
4. THE PERIODIC TERM 
In this section we refine the estimate (3.21) and derive the second term 
(of order O(1)) of the asymptotic expansion of u(x, t) as t -+ co. At first we 
consider the case u0 = U, = 0, so that U(X, t) is given by (3.1). We assume 
that w2 is an eigenvalue of 52’ : w2 = I,. 
As a first step of our analysis, we improve the estimates of the integrals 
Z,(t) and Z2(t), introduced in (3.16). In the following w:(t), w:(t),... denote 
functions with the property 
supr Iw$(t)l -0 as 6 10. (4.1) 
r30 
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By (2.3) (3.13) and (3.17) we have in this sense 
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Since 
s 
<2 as 810, 
it follows from (4.2), by performing the substitution (3.18) as in Section 3, 
that 
],(+#‘j” y,ii+w;(l), 
dr 
and hence, since (1 - cos 5)/t is an odd function, 
Now we turn to the discussion of Z,(t). We have by (2.3) and (3.17) 
Since 
d3. + w$( t ). (4.4) 
s 
iilK 1 1 l+rj 
Is/r0 Jql 3’2 (1 + q/2)3/2 
-1 dq+O as SlO, 
it follows as above, by applying the substitution (3.18) to (4.4), that 
12(+“rr-frrrj’i1 -’ ‘5d;‘+w‘,(l) 
&&FP- h 
=~~‘~“‘[~(I+iij-~d~1+~,~(~). 
iit 
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Integrating by parts, we obtain 
and hence 
(4.5) 
Now set 
u,(., t) := [,ryi2 $(A, t) d(P, f‘), (4.6) 
where 6, and 6, are given by (3.13). The argument, leading to (3.15), shows 
that 
Consider a given E > 0 and a given bounded subset M of Q. It is useful 
for the following parts of our analysis to choose 6 > 0 such that 
(i) AP-, <2,--h, and &+~2<~,+,, 
(ii) 
w2+b It-(x, A)1 
j<.,,- 6, m dA < E for every x E M, 
I 
w2 + 6, 
(iii) IW, t) 4x, n)l d2 < 6 al-6, 
(4.8) 
for every x E A4 and every t 3 0, (4.9) 
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(iv) & [[w:(t)1 +ln(l+6/2w)-ln(l-6/2w)] 
+& [lw;(t)l +Jqz(l -(l +6/2w)P’!2)] 
X 
s 
o IfPW, 511 & <E 
-0 
for every x’ E Q’ and every t > 0. 
These properties are satisfied for sufficiently small 6 > 0 by (2.3) (3.14) 
(4.1), and the remark that 
ln( 1 + 6/2w) - ln( 1 - 6/2w) = O(6) 
and 
as 6 JO. After having fixed 6, we choose t, > 0 such that 
for every x’ E Q and every t > t, . 
It follows from (4.3), (4.5) (4.7) (iii), (iv), and (4.10) that 
with 
Ir,(x, t)l < 3E for every x E A4 and every t 3 t, . (4.12) 
Since lI(P, -Pa) A”fll = IlA”f- P,(d”f)ll + 0 as c1+ cc for every 
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positive integer m, we can choose, by Lemma 3.1 and Lemma 3.2, an 
c1> w2 such that 
for every x E M and every t 3 0, and 
(4.14) 
for every x E A4 and every z 2 0. 
Set for fj > 0 
B, := i, [A, -q, Ak + r/l n [A,, a] 
k=l 
k+P 
(4.15) 
and 
c, := CA,, cl] - B, - [w’ - 6,, co2 + S,]. (4.16) 
B, and C, are finite unions of bounded intervals. By Lemma 3.1 and 
Lemma 3.2 we can choose q > 0 such that 
0) IV II/CA3 t, d(Pj.f) tx) < & 4 1 I 
for every x E M and every t 2 0, and 
(4.17) 
(4.18) 
for every x E A4 and every z 3 0. 
Since (d/&)(P,f)(x) is continuously differentiable in C, by (2.38), we 
obtain 
[jC ~~~sin~t-cosJltjd(Pj,f)](x) 
‘I 
s 
1 = 
c‘, r-2 ( 
$sin$t-cosJit)~(PJ)(x)=O(J 
as t + cc uniformly in M, by substituting A = p2 and performing an 
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integration by parts. This, together with (2.3), implies that we can choose a 
t,>t, such that 
for every XEM and every t3tz. It follows from (3.1), (4.6) (4.13) 
(4.15)-(4.17) and (4.19) that 
24(x, t)= U&(X, t)+ e-““’ 7 d(P,f‘) (x) + rz(x, t) 
I 
(4.20) 
with 
Ir,(-x, f)l < 3~ for every x E M and every t b t,. 
By Lemma 3.2 we can choose a r,,>O such that 
(4.21) 
(4.22) 
for every x E M and every T with 0 < 7 d ?(,. On the other hand, we have by 
(2.25), (4.14))(4.16), and (4.18) 
with 
Ird-x, T)l < 25 for every x E M and every T > 0. (4.24) 
By combining the estimates (4.20)-(4.24) we obtain 
u(., t) = u,(., t) + e “*‘U,,l~+,, 
_ e - ifO,r 
I 
w= + 62 1 
coz-6, A-w2-it d(Pj..f) + rd., t, T) 
(4.25) 
with 
for every x E M, every t 3 t,, and every 5 with 0 < T d ?,,. (4.26) 
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In order to find the asymptotics of u as t + co, we shall investigate the 
limit of the right-hand side of (4.25) as ~10. Since K~(o* + ir) = 
tcp(lp + it) = J;enU4 by (2.13), it follows from (2.21) and the convergence 
considerations in Section 2 (compare, in particular, the argument leading 
to (2.32)) that 
and hence 
u,.,*+i,(x)=~j” 
2& 0 
.f”b’, 5) d5 + W-u) + 4 1) as ~10 (4.27) 
with 
U(x) := -; j” IX,! - 51 .f”(X’, r) d( + f Ly+,,(x). (4.28) 
0 ,= I 
lfP 
Note that U is a solution of the boundary value problem (1.5) by (2.13) 
and (2.2 1 ), since 
f= f f! (4.29) 
/=I 
Now we discuss the behavior of 
as r JO. The argument, leading to (3.15), shows that 
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where 
(4.3 1) 
and 
14(T) := jC,J2’“’ (4.32) 
d 
Recall that 6, = 6(20 - 6) and 6, = S(2w + 6). Let In z be the analytic con- 
tinuation of the real-valued function in x, x > 0, onto C - (- cci, 0] and 
assume that 0 < r < min(b,, 6,). Then we have 
Z,(T) = ln(6, - iz) - ln( -6, - is) 
=ln62-ln6,+ln(l-$r-)-ln(l+~)+ni 
=ln(*+&)-ln(l-&),,i+o(r) as 710 
and, by setting A = p2 + CD*, 
as z LO. 
Furthermore, (4.8) implies that 
for every x E M and every r > 0. By (3.14), the integral in (4.33) has a limit 
as 7 J 0. Now we subtract (4.30) from (4.27) and take the limit r 10. Note 
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that the terms of order O(r I’*) cancel. By inserting the estimates for Z,(r) 
and Z,(r) and using (4.33) and property (iv), stated after (4.9), we obtain 
= U(x) -; “z’ J” f/(x’, 5) cos(J& - 2, Ix,, - 51) 
,=I -0 Jp; dt 
J‘“(x’, 4) d< + r5(x) + o( 1) as 
with 
k,(x)1 < 26 for every x E M, 
z 10 (4.34) 
(4.35) 
and hence, by taking the limit 5 JO in (4.25) and observing (4.26), 
i p I 
- e I”” 1 f/(x’, 5) 
2 
cos(&,-ib, Ixt,-rl)d(+r (ey t) (436) 
6 9 
,=I 
with 
b-,(x, t)l < & for every x E M and every t 3 t,. 
By combining (4.1 l)-(4.12) with (4.36)-(4.37), we have 
(4.37) 
24(x, t) = ___ 2’,“’ fi ecsur SC’ f”(x’, 5) dt + e ““‘U(x) + Y,(x, t) (4.38) 
no 0 
with 
Ir,(x, t)l < 1 le for every x E M and t 3 t,. (4.39) 
Thus we obtain 
u(x, t) = ~&$epi’u’~u fP(x’, t)d<+e-“‘“U(x)+o(l) as t+ CC 
~ 0 
(4.40) 
uniformly in every bounded subset M of 0. This, together with (2.11) and 
(2.141, verifies the estimate (1.7) in the case a2 = A,, u0 = uI = 0. 
Now assume that o* #A, (k = 1,2,...) and uO= U, =O. Set as above 
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Jo :=0 and choose p such that LPP, -CO* < I,. By (2.38) we have for 
& , < 1 < ip 
$ (P;.f)(x) =& ‘2’ j” .f?x’, 5) 
w$=- Ix,, - 51) 
,=l u 
& dt 
‘I 
cos(JL7x I Y - i;l) 
/ 
, / : ” dt + Y(X, L) 
with Y(X, I+) = 0( lIti - 0’1) as L + w* 
above by (4.6),where 6, and F, are 
(4.41) in analogy to (4.7) that 
JCIY - /., 
(4.41) 
uniformly in M. Define u,(x, t) as 
given by (3.13). We conclude from 
(4.42) 
Now consider a given E > 0 and a given bounded subset M of G and 
choose 6 > 0 such that 
(i)’ E,,-, <III’-S, and co* + d* <EL,, 
(ii)’ (4.8) holds, 
(iii)’ (4.9) holds, 
(iv)’ & lkG(t)( +ln 1 +A -In 1 -A [ 1) ( 2J ( 2J];;, i”, ~~d~<~ 
for every X’ E 0’ and every t 3 0, where MI: has been introduced in the dis- 
cussion of Z,(f) (compare (4.1))(4.3)). After having fixed 6, choose t, > 0 
such that 
(4.43) 
for every X’E a’ and every t 3 t,. The choice of 6 and t, implies by (4.42) 
(4.3), and (4.8) that 
cos(JLq Ix,-51) 
J;;;2-E, 
di;+r,(x, t) (4.44) 
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with Ir,(x, t)l < 3s for every x E A4 and every t 3 t,. Set 
(4.45 ) 
The same argument as above (compare (4.13) and following) shows that 
(4.25)-(4.26) remains valid. Note that U,*I+~~ -+ U with 
(4.46) 
by Section 2, since o2 # Ak (k = 1, 2,...). The discussion of the behavior of 
the integral in (4.25) as z 10 is simpler than above since the second term on 
the right-hand side of (4.30) does not appear because of (4.41). By using 
the estimate for Z3(~), derived after (4.32), it follows from (iv)’ and (4.33) 
that 
as T JO with Ip( < 2s for x E M. This, together with (4.25)-(4.26) and 
(4.44) implies for z 10 that the estimate (1.6) holds uniformly in M, where 
U is given by (4.46). 
Now we consider arbitrary initial data uO, U, The domain of integration 
in (2.4) can be replaced by [A,, co), since P, = 0 for i. < A,. Define B, by 
(4.45) and set C, := [A,, a] -B,. It follows from Lemma 3.2 under the 
assumptions stated after (2.6) that CI and q can be chosen such that 
ID CZ.U)UB, 
cos &t d(P$“)] (x) / < E 
and 
IV 
sin fit ~dd(Pj,ul) tx) Cc 
Ca.ni)u B, d 1 I 
for every x E M and every t > 0. The corresponding integrals over C, con- 
verge to 0 as t -+ co uniformly in M, as an integration by parts shows 
(compare the remarks after formula (4.18)). This shows that the first two 
terms in (2.4) converge to 0 as t + co uniformly in every bounded subset M 
of Q. Thus we obtain: 
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THEOREM 4.1. Consider the cylindrical waveguide D = 52’ x ( - 03, a)), 
where 52’ denotes a bounded, open, connected subset of [w”-- ’ with I%?’ E C”. 
Assume that u,,, uI, f E P(a), uO = u, = f =0 for Ix,,1 >a, and A”u, = 
A”u, = Arf = 0 on 122 for every non-negative integer k. Then the asymptotic 
behavior of the (uniquely determined) solution of the initial and boundary 
value problem ( 1.1 )-( 1.3) can be described as ,follow.s: 
(a) If o2 does not coincide with one of the eigenvalues A,, J2,... of the 
Dirichlet problem for the cross section Q’, then the estimate (1.6) holds 
umformly in every bounded subset qf i?, wjhere 
and f’(., t) denotes as in (2.14) the orthogonal projection qf,f(., t) onto the 
eigenspace qf I.,. 
(b) [f w2 = i,,, then we huce 
(4.48) 
un~form1.v in every bounded subset oj’D with 
U(x) := W(x) -A f” Ix,, - 51 ,f”(x’, [) d& (4.49) 
where W is defined by (4.47). 
The precise form of the (complex) amplitude U of the periodic term 
follows immediately from (4.28), (4.46), (2.21), and (2.26). Note that U is a 
solution of the boundary value problem (1.5) in both cases (a) and (b). 
The first terms of the series (4.47), which correspond to eigenvalues %, < w2, 
describe “outgoing waves” of the form 
Ai e ,,c7qY,l for x, > a and x,, < -a. 
The remaining terms in (4.47), which belong to eigenvalues 3,,>02, decay 
exponentially as Ix,,/ + co. This asymptotic behavior of the terms of the 
series (4.47) can be used for a unique characterization of the solution of the 
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boundary value problem (1.5) if w2 is not an eigenvalue of (1.4) (compare 
[ 11 I). If o2 = 2, and fp # 0, then the term 
V(x)= -i‘” I x, - 51 .PYx’, 5) & (1 
(4.50) 
has to be added to the series (4.47). V is a solution of the boundary value 
problem (1.5) which does not satisfy the radiation condition proposed in 
[ 111. V is bounded as 1x1 -+ co if and only if 
s ~JPW 5)4 =o for x’EQ’ (4.51) 
or, equivalently, the resonance term in (4.48) vanishes. In this case we have 
even V=o(l) as 1x1 -+ co. 
The conditions imposed on the data guarantee that the solution u of 
(1.1))(1.3) belongs to C”(Dx [0, co)). As the argument in Sections 2 and 
3 indicates, it is possible to relax the assumptions on the data in several 
ways if only finite or weak differentiability properties of the solutions are 
required. 
5. THE NEUMANN PROBLEM 
Now we replace Dirichlet’s boundary condition ( 1.2) by Neumann’s con- 
dition 
au z=o on fW. (5.1) 
The corresponding self-adjoint extension A’ of the Laplacian -A is given 
by 
s:= {~~c~@):a~4lan=o 
ondQ;u,Vn, Au=O(lxlp’)as 1x1 -+a}, 
S := ( UE H,(Q): There exists a sequence (~4~) 
inssuchthat )/U-WI/, -+O}, 
D(A’) := { UE 3 AUE L,(Q), (AU, g) = (U, Ag) for gE S}, 
A’U := -AU for UE D(A’). 
The self-adjointness of A’ in L,(Q) follows as in [ 13, Sects. 3-61. Note 
that S=H,(O) since C,(a)nH,(O), and hence S is dense in H,(Q). The 
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solution u(x, t) of the initial and boundary value problem (1.1) (1.3) (5.1) 
is given by (2.3))(2.4) where P, has to be replaced by the spectral family 
P; of A’. We assume in the following that 
on XJ for k = 0, l,..., (5.2) 
u,(x)= uI(x)=f(x)=o for IX,] >a. 
These assumptions imply that UE Cm(Q x [0, co)) (compare the 
corresponding regularity argument in [14] for the vector wave equation 
with respect to electric or magnetic boundary conditions). 
Let ,D, ,u~ ,... be the eigenvalues of the boundary value problem 
(a;+ ... +a;-,)v+nv=o in Q’, 
$v=o 
(5.3) 
on ac, 
ordered increasingly, and denote the orthogonal projection of f(., x,) onto 
the eigenspace E, of pj by F(., x,): 
?TJ(x) ‘= 2 w,k(x’) JQ,f(yt, xn) wjk(Y’) &‘, 
k=l 
where W,, ,..., W,“, is an orthonormal basis of E,. Note that p, =O, n, = 1, 
and W,,(x’) = l/l/Q’/ ‘I* (l/12’// := (n - I)-dimensional volume of a’). All 
considerations in Section 2 can be extended to the Neumann case. In par- 
ticular, we obtain a(A’) = [0, 00) and, in analogy to (2.38) 
for 2 #pk (k = 1, 2 ,... ), (5.5) 
where q(i) is the largest integer with the property pL,(;,) <1 if I> 0 and 
q(A) :=0 for A<O. 
The discussion of the asymptotic behavior of u(x, t) as t -+ cc requires 
some modifications in the Neumann case, since the term (sin $r)/& in 
(2.3) and (2.4) converges to t as 210 and thus is not bounded for 
(A, t) E (0, co) x (0, co). By (2.3) we have 
$(A t) = 4w t) + $*(A t) (5.6) 
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with 
Set 
u’(x, t) := jm II/‘(A, t) d(P;f) (x). [ 0 1 
(5.7) 
(5.8) 
Sections 3 and 4 can be immediately applied to the discussion of u’(x, t), 
and we obtain 
u’(x, t) = U(x) e I(“’ + o( 1) as t --+ cc for o2 #pk (k = 1, 2,...) (5.9) 
with 
and 
+0(l) ast-+coforo2=pL,,p#1 (5.11) 
with 
U(x)= iQ-;j” IX,I-qpyx’, i”)&. (5.12) 
<I 
The estimates (5.9) and (5.11) hold uniformly in every bounded subset 
of Q 
Now we turn to the discussion of u2(x, t). Consider a given e > 0 and a 
given bounded subset A4 of a. By (5.4) we have 
(5.13) 
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since n, = 1 and W,,(x’) = llsZ’J( -“*. Thus (5.5) yields 
for O=p, <j.<p2. (5.14) 
In particular, we obtain 
$ (f?f‘)(-~) = 27c ,,;,,, $ c, f( L’) 4 + w% as 1.10 (5.15) 
uniformly in M. On the other hand, (5.7) implies for fixed w > 0 that 
i sin $1 
$“(i, t)= --~ u 4 +0(l) as 210 
uniformly with respect o t. Combining (5.15) and (5.16) we conclude that 
uniformly for (x, t) E A4 x [0, co). Hence we can choose a 6 with 0 < 6 < pLz 
such that 
t) 4PXf) (x)-2aio ,,Q,,, !" 
1 
jnfdy 6 sin&t 
T& <E (5.17) 
0 
for every x E M and every t 3 0. The substitution [ = ,,ht, i = t’jt’ yields 
Thus, after having fixed 6, we can find a t, > 0 such that 
1 (xl - 2iu & j/“ii,.l < 2 (5.18) 
for every x E M and every t 3 t, . Set 
208 P.WERNER 
and C, := [S, cr] - B,. Note that Lemma 3.2 holds also in the Neumann 
case (with P; instead of P;). Hence we can choose c( and q such that 
for every x E A4 and every I 3 0. The corresponding integral over C, con- 
verges to 0 as t + cc uniformly in M, as an integration by parts shows 
(compare (5.5), (5.7), and the remarks after (4.18)). Thus we obtain 
iJ 
cbx i+!f*(i, t) dlE;f)] (x) + 0 as t+cc (5.20) 
uniformly in M. This, together with (5.8) and (5.18), implies that 
u’(x, t) = as ’ + cc (5.21 
uniformly in M. The same argument shows (compare (5.16) and following 
that 
IJ x sin Jxt pd(P>,u,) (x)=- 0 Jx 1 1 2 IIQ’II s u, dy+o(l) as t + w (5.22)  
uniformly in M. The first integral in (2.4) (with Pl. instead of Pj.) converges 
to 0 as t -+ cc uniformly in M, as the argument, used in the verification of 
(5.20), shows. Thus we obtain: 
THEOREM 5.1. Let Q be the domain considered in Theorem 4.1 and 
assume that uO, u,, f, and &2’ satisfy (5.2). The asymptotic behavior of the 
(uniquely determined) solution of the initial and boundary value problem 
(1.1 ), (1.3), (5.1) can be described as follows: 
(a) If W* does not coincide with one of the eigenvalues p,, p2,... of the 
Neumann problem (5.3) for 1;2’, then the estimate (1.8) holds uniformly in 
every bounded subset of 0, where U is given by (5.10). 
(b) !fo2=pu, andw>O, then we have 
u(x, t) = ~ 2 ‘F ,,h e ““’ 1” ,fP(x’, 5) dg + U(x) e I”” 
+;JQ(;f:u.,,,oU) as t-+ oo (5.23) 
untformly in every bounded subset of a, where fp(., 0 denotes the projection 
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of f(., x,) onto the eigenspace of pP and U is given by (5.12), with ii defined 
by (5.10). 
We conclude this section with some remarks on the case that the right- 
hand side of (1.1) does not depend on t (w = 0). In this case the solution of 
the initial and boundary value problem (1.1 ), ( 1.3), (5.1) with zq, = u1 = 0 is 
given by 
J ~(.,t)=~~~ ‘-‘; “d(Pjf). (5.24) 
By Lemma 3.2 and (5.15) we obtain for 0 < 6 c j”z 
“l-cosfit d 
4x3 t)=i, I z (f’: f)(x) di + o( 1) 
=~[.i,,fdy].~~l-~~~~td~~+oO 
as t -+ co uniformly in every bounded subset of a. The substitution 
A. = 5’jt2 yields 
I 
6 1 -cos 
0 2 312 
= 2t 
s 
x l-cost 
ic2 
d[+O(l)=nt+O(l) 
0 
as t -+ co, and hence 
t 
~xA=~,,~,,, nfdy+W) s as t+m (5.25) 
uniformly in every bounded subset of fi. In particular, a resonance of order 
t occurs at w = 0 in the Neumann case. The methods of Section 4 can be 
used to refine the estimate (5.25) and to verify for u. = U, =0 and w= 0 
that t 24(x, t) = - 2,,Q,,, s JdJi+ u(x)+o(l) as t-+02 (5. 6) 
uniformly in every bounded subset of Q with 
(5.27) 
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In the Dirichlet case, the solution of the initial and boundary value 
problem (l.l)-(1.3), with w =O, converges to the static solution 
(5.28) 
as t + cc uniformly in every bounded subset of 0, where f’ is given by 
(2.1 l), (2.14). We leave the verification of (5.26))(5.28) to the reader. 
6. SEMI-INFINITE CYLINDERS 
As the analysis in the preceding sections shows, resonances occur at 
those frequencies o for which “standing waves” 
u(x, t) = V(L) e ““’ (6.1) 
exist, which do not depend on the vertical variable x, and satisfy the 
homogeneous wave equation 
(c+4)v=O (6.2) 
and the prescribed boundary condition u = 0 or (@)v =0 on as2. The 
close connection between resonances and standing waves is also illustrated 
by the following initial and boundary value problem for the semi-inifinite 
cylinder Q = Q’ x (0, co), which can be reduced to the Dirichlet and the 
Neumann problem in Q’ x ( - 00, co ) by reflection methods. 
We start our discussion with the Dirichlet problem (1.1 )-( 1.3) for 52 := 
Q’ x (0, cc ). For the sake of simplicity, we assume that &2’ E C” and uO, U, , 
f~ C;(Q). We extend the data uO, ul, f to odd functions of x, in the full 
cylinder Q, := Q’ x ( - 03, co): 
Uj(X’, -x,,)= -u,(x’, x,,), f(x’, -x,)= -f(x’, x,). (6.3) 
Let u(x, t) be the solution of the Dirichlet problem (l.l)-(1.3) for 52,. By 
(6.3), also 
u’(x, t) := -u(x’, -x,, t) (6.4) 
is a solution of (l.l)-(1.3) in Sz,. Since the solution of (1.1))(1.3) in Q, in 
uniquely determined, we conclude that 
4x’, -x,7 t) = -u(x’, x,, t). (6.5) 
Setting x, = 0 in (6.5) we obtain u(x’, 0, t) = 0. 
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Thus the restriction of u(., t) to Q = Q’ x (0, CC) is the (uniquely deter- 
mined) solution of the Dirichlet problem (I.])-( 1.3) for the semi-infinite 
cylinder Q. In particular, formulas (1.6) and (1.7) can be applied for the 
discussion of the asymptotic behavior of u(x, t) as t + co. Note that the 
integrals in (1.7) vanish since f is an odd function of x,, by (6.3). Hence, in 
the case of the Dirichlet problem for the semi-infinite cylinder R, the prin- 
ciple of limiting amplitude (1.6) holds for every frequency o > 0. 
The situation is different in the case of the Neumann problem for Q. 
Now we extend the data uO, U, , ,f to even functions of x,,: 
Uj(X’, -x,) := q(x’, x,,), .NX’> - x,,) :=,f(x’, x,,). (6.6) 
Let u(x, t) be the solution of the Neumann problem ( 1.1) ( 1.3), (5.1) for 
52,. By (6.6), also u’(x, t) := u(x’, -x,,, f) satisfies (l.l), (1.3), and (5.1) in 
Q,, so that the uniqueness theorem for the Neumann problem in Q, 
implies 
u(x’. -x,,, t) = 24(x’, x,,, t), (6.7) 
and hence 
a 
- u(x’, -x,,, 
ax,, 
t) = -& U(.Y’, x,,, t). 
II 
(6.8) 
Setting x,, =0 in (6.8), we obtain d,u(x’, 0, t) =O. Thus the restriction of 
u( , t) to Q is the (uniquely determined) solution of the Neumann problem 
( 1.1 ), (1.3) (5.1) for the semi-infinite ctlinder Q. The asymptotic behavior 
of u(x, t) is described by (1.8) in the case w2 # pk (k = 1, 2,...) and by (5.23) 
in the case o2 = p,,, w > 0. Note that the integrals, appearing in (1.8) and 
(5.23) are not cancelled since S and U, are even functions of x,,. In par- 
ticular, resonances occur in the case of the Neumann probiem for the semi- 
infinite cylinder Q if o* is an eigenvalue of the Neumann problem (5.3) for 
the cross section 0’. 
Let B := {(x’, 0): x’ EQ’) be the bottom of the semi-infinite cylinder 
Q = $2 x (0, co). The reflection methods, considered above, can also be 
applied to the boundary conditions 
u=O on B, g=OoniQ-B 
and 
-$=O on B, u=O on dS2-- B. 
(6.9) 
(6.10) 
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The same argument as above shows that the principle of limiting amplitude 
(1.6) holds for all frequencies o in the case of the initial and boundary 
value problem (l.l), (1.3), (6.9). On the other hand, the initial and boun- 
dary value problem (l.l), (1.3), (6.10) admits resonances if o2 is an eigen- 
value problem of the Dirichlet problem (1.4) for the cross section Q’. In 
particular, a change of the boundary condition at the bounded part B of 
LX2 influences the asymptotic behavior of the solution as t -+ 00 in an essen- 
tial way. 
The asymptotic properties of u(x, t) as t -+ cc are reflected by the 
singularities of the (analytical continuation of the) resolvent Uz = RZf at 
z = A, or z = pk, respectively. Assume that the Dirichlet condition u = 0 is 
prescribed on 8L.J - B. Then Uz is given by (2.10) where cjk(x,, z) is the 
exponentially decreasing solution of 
(-a;-z+lj)Cik=f;k (O<x,<cr,), (6.11) 
subject to the boundary condition required at x, = 0, and fjk is given by 
(2.11). If the Dirichlet condition u = 0 is prescribed at the bottom x,, = 0, 
then we obtain in analogy to (2.12) 
with 
if x, > 5, 
G(x,,, 5; K) = (6.13) 
if x,<<. 
If Neumann’s condition (~/&z)zJ = 0 is required at x, = 0, then (6.12) holds 
with 
1. eircx, 
COS Kc if x, > 5, 
K W-G, t; K) = 
i _ eiK5 COS KX,, if x, < 5. 
K 
(6.14) 
Note that G(x,, 4; K) is continuous at K = 0 in the Dirichlet case and 
singular at K = 0 in the Neumann case. As a consequence, U, = RZ f can be 
continuously extended onto the whole real axis in the Dirichlet case, while 
U, has an algebraic singularity of order Iz - 51 -‘I2 as z + lj if Neumann’s 
condition is required at the bottom. 
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We conclude this section with some remarks on the boundary condition 
au 
n+bz4=Oon B, u=Oon&-B (6.15) 
with constant real o! > 0 and d/&z = --a,, on B. The solution of (6.11), sub- 
ject to the boundary condition (8, -a) c,,(O, z) = 0, is given by (6.12) with -4 
CI - iu 
cos rc( + E sin ~5) eir.‘n if x, > 5, 
K 
(3x,,, 5; K) = 
I( 
(6.16) 
ci - iK 
cos KX, + M sin icx,) einS if x, < 5. 
K 
As in the Dirichlet case, G(x,, 5; K) is continuous at K = 0. This suggests 
that the principle of limiting amplitude holds for the initial and boundary 
value problem (1.1), (1.3), (6.15) at every frequency w 3 0. The verification 
of this statement can be based on the methods of Sections 2-4 and is left to 
the reader. 
Note that standing waves of the form (6.1) with V# 0 are compatible 
with Neumann’s condition (8/&1)u=O on B, but not with Dirichlet’s con- 
dition u=O on B and Robin’s condition (a/&~ + cr)u=O on B. Thus the 
considerations of this section underline the role of standing waves in con- 
nection with the occurrence of resonances. 
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